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II. On an Extended Form of the Index Symhol in the Calculus of Ojperations. 

By William Spottiswoode, M.A.^ F.B.S, 

Eeceived November 24, — Eead December 22, 1859. 

In the following paper I propose to resume more in detail the subject of a communica- 
tion made to the Cambridge and Dublin Mathematical Journal (vol. viii. p. 25). The 
present investigations are restricted to the case of two variables. 

§ 1. The Theory of\/ and Vi- 
Let ^A I ^,J^— V7 

d ^ d 

and let 

dx'^^dy '^' 
d' d' „ 

where the accent indicates that in the combinations of H, Hj the diiFerentiations are to 
affect only the subject of operation, and not w or i/, so far as they appear explicitly in 
the values of S, a, . So that ^^ S S,, S? are to be understood as follows : — 



^2 ^2 ^2 



rd^ ■ <^^ \ , / . ■ .^ «^' 






«2 2 <^^ , O d^ . 2 d^ 



and so on for higher powers. 
It will then be found that 



^i. 



^=V'-V =(V-1)V, 
HS,=VV,-Vi=(V-l)Va, 

s?=v?— V =v?-v. 
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Similarly, 



And, generally, 



S^S,=VSS.-2SS, =(V-2)SS„ 
S?=VxSf-2SSi =VH?-2SS. 



Before developing these expressions, the following formulae deserve notice :• 

(S+S,)'=V'+2VVi+V'— 2V+2V, 
=(V+Vi— 2)(V±Vi). 
Similarly, by arranging the terms of the third order thus, 

3S^Si=2VSS,+ ViS^ -4SS,-23S., 

3S S?= VH? +2ViSS, -2Sf -2H? -2H% 

we have 



(H±S0'=(V±Vi-4XV+Vi-2)(V+V0- 



And generally, 

S«= VS*"' -(»-l) s»-', 



^15 



^l 



-^j — g — tt «i — ^ I 2 v>^ Aj-r -I Vi^ ^j — ^/f' — ±j \ 2 *"* '"^^ ' 12 *^ ^ — 1 *^ 

Taking the sum of these, the coefficient of S""^"'S^ on the right-hand side will be 

{n-l)(n-2)..{n-p) ^^ , „, (w-l)(w-2)..(w-jp) , (ra-l)(«-2) ..(w-^^ + l) 

l,2..p {V+Vi)—[n—i) i,2..p —'.^-P) i.2..{p-l) 

= '"""'r.".;'"''' {v+v.-(.-i)-j»-(«-i.-i)} 
= '°""'rr.''.;'""'" {v+v,-2(»-i)}. 
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So that, finally, 

(S+S,)»={V±Vz-2(%-l)}(S+S0"~' 

= {V±Vx-2(%-l)}{V±V.-2(w-2)}..{V+Vi-2}{V±V,}, 

the upper or the lower sign being taken throughout. And since 

(^±yr (i±|)"= {(^+^)(i±|) -2(^-1)} {(^+y)(|±|) -2(^-2)} . . {(^±J/)(^±^ 

an equation which might be established by other methods. 
Eeturning to the expressions for S^Sf, we have 




i A— <! • 

imtm( J ' 

<W-3W3. 



<»-~5'5J'5. 



(V-»»+l)..(v-2)(V-l)V, 

(V— w+l)..(V-2XV— l)Vi, 

(V— »+l). .(V— 2)(V?— V), 

:(V— ?i+l)..(V?— 3V+2)V,, 

;(V-J^+l). .(v*-6VV?+3V'+8V?-6V), 

:(V-w+l)..(Vi-10V?V+12V?-8V?V+12ViV'+3V' 



44V,V-6V?+24V0, 



>r^-<i ___ 



These expressions are, however, determinants : thus, 



hmmi O 



W3, 



'2W 



V i 




W2 


V, i 






V. V. 






V Vi 






V 2 . 


WW2_ 


V 2 . 


W3 


V V 1 




V,V, 1 




V.Vi^ 


7, 




V V ^ 


h 





•-— 


V. 2 . 




V va 




Vi VVi 



V 1 

V V 

V 2 . 
VV 1 
VV V 

The corresponding formnlse for ^=4 are easily deduced from these, as follows: — For 
H^ S^Si, S^H?, SSf, add to each determinant a row (V, 3, 0, 0), and a column having 
V for its upper constituent, and for the remainder a repetition of the first column of the 
determinant to which it is added. For Ht the additional row is ( Vi , 3, 0, 0), and the 
additional column Vi with a repetition of the first column of SH?. The formulae then 
are 



V 3 . . 


W3W 


VV 2 . 




vvvi 




WW 





V 3 . . 


W2W2 


V V 2 . 


. 


V V V 1 




V. V. V. Vi 





V V 2 . 

V. V, Vi 1 

V V V Vi 
d2 



<3, 
•1' 



V 3 . . 


'n'4 


Vi3 . . 


V.V, 2 . 




V V. 2 . 


V V V:l 




V. V V. 1 


V. V: V V. 




V V:V V 
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And so also generally, 



J = 


V, i-1 . 


. 







V Vi ^-2 . 


. 







V, V V, . 

• • • • 


. 

• • 




• 




V. V V. . 


. V. 


1 




V V. V . 


. V 


V 



or = 



V. 


i-1 .. 








V 


V, i-2 . . 








• 


V Vi .. 

• • • • 




• 





V 


V. V .. 


V, 


1 


V. 


V V. .. 


V 


V. 



according as i is even or odd. And the expression for B^S\ is to be formed from this 
by adding the following / rows (each consisting of (i+j) places), viz. 



V 


i+j—- 


L 








V 


V 


i+j-2 .. 









V 



V 



V 











and repeating the first column of S\ J times, so as to complete the square, 
By means of these formulae the expression 



a 



n 






may be exhibited as a function of V? Vi • 

There is, however, another way in which this transformation may be effected. Let 
«, j3 ; a, , (3, ; . . be the roots of the equation 

solved with respect to S : Sj. Then 

=(VV.I«x/3,)(«S+/3S,)-a,(«S+/3S0-/D,(aH,+i3S) 
= ( VV:I«.i30(VV.X«/3) - ( VV: Vla,i3,X«i3). 

=(a,S+/3,Sj(«.S+/3.S0(«H+/3S) 

-2^2 («,S +j8.SiXa S+/3S,) 

- ft («iS.+ftSX«S+)3S,) 

- ft («.S+ftS,)(«S.+/3H) 



Similarly. 



THE INDEX SYMBOL IN THE CALCTJLrS OF OPERATIONS. 17 

=(VV.I«A)(VV,Iai/30(VV,I«/3)-(VViIaA)(VV.Vl«./3,X«/3) 

~ 2a,(VViXax/3 J(VV.Ia/3) + 2«,( VVi Vla,i3,Xa/3) 
- ^2(VV,I/3,aO(VV.I«/3)+ /3.(V,VV.Ia:/3,Ia^) 

~ /32(VV.I«./30( VV.I^a) + /3,(V,VV,I«,^>I«^) 
= ( VVl«,/3,)( V V.I«,/30( VV,I«/3) 
- ( VV:Ia /3) ( W:VI«,/3,I« A) 
-(VV:I«.^.XVV:Vla2/3.I« |3) 

- ( VViI«2/3.)( VV.VI« (i I«i^,) 
+2(VV,VV,Ia2i3.X«i/3iI«^)- 

The expanded form of this is 

-(a V+/3 V0{(«.a.+/3A)V+(«A+«2/30V,} 
-(a:V+AV,){K« +fti3 )V+M +« ft)VJ 
~(«.V+j8,Vi){(« a.+/3 /30v+(« /3,+«:/3) VJ 

+2{(aa,a2+05/3i/32+a,/32/3+062/3/3i)V 

= aV' + 3 JV Vi + 3c VV? + (^V? 

- 3(a+c)V'— 3(35+(Z)VV, -^cV? 

+2(a+3c)V+2(35+(^)Vi. 
To these may be added, 

(abed eXS, EJ* 

-(VViX«8/33)(VV.X« ^ )(VV:VX«2ftX«.i3,) 
-(VV:X«s/33)(VV.X«.^i)(VV,VX« /3 X«A) 

- ( VV,X«3^3)(VV>X«2ft)(VV. VX«ii3,X« /3) 

- (VViX«2/32)(VViX«i/3i)( VV:VX'^3i33X« /3) 
-(VViX« )3 )(VV:X'^2^2)(VV.VX«3/33X«.^:) 
-(VViX«i/^i)(VV,X« ^ )(VViVX«3/33X«2i32) 

+2(VV:X« /3 )(VV.VV.X«3ftI«AX«i/3,) 

+2(VV:X'^ii3i)(VV.VV,X« i3 X«3/33X«2i32) 
+2(VV,X«A)(VV.VV.X«.i3.X« /3 X«3/33) 

+2(VV,X'^3^3)(VV,VV,X«2i32X«i^iX«^) 
+(VV:VX«3AX« i3 ) ( VViVX«2/3.X«i/30 



18 



ME. W. SPOTTISWOODE ON AN EXTENDED FOEM OF 



+ (VV.VXa3i33la:/30(VViVX« /3 X«,/3,) 
+ (VV:Vl«3/33laA)(VV.Vl«./3,X« (3) 

- 6 ( VV, VV, Vl«3/33la,i3,X«i/3.I«/3) 
=aV*+45VVi+6cVV?+4iVV!+eV* 

— 6{(«+c)V'+2(2^+(?)VVi+(5c+e)VVH2(?V?} 

— 6{(a+6c+e)V+4(J+(^)Vi}. 

There is considerable resemblance between these functions and determinants; and 
although the factors of which the various terms are composed do not admit of being 
arranged as constituents of the determinants which they resemble, yet a symbolical no- 
tation will render such an arrangement possible. For this purpose, let (VViX^'i/^'X ^^^ 
yicij(3,f) be the symbolical factors of (VVjVX^AXo5,/3^) ; so that 

(VViX«2/32X X X«.^.) = (VViVX«2/3.X«./3i) 

(vv.X'^^^J X Xc^Al X X«/3) = (vVi vViX«2ftX«./3.x«^). 

and so on. Then 

(a I cxn'E.y 
(vv,X«./3,) x«^) 
(vv,X«./5iI (vv,X«/3) 

{a h cXHa^Y 

(vv,X«./3J (vv,X«.^i) I«/3) 
(vv,X«2i3,x (vv.X«i/3:X (vv>X«^) 

By means of these formulae, the corresponding expressions for higher degrees may be 
established. Thus, for the fourth degree, 

{abed ^XS El)* 
=(«3H+/33EJKH+ftE0(aiS+/3iE0(aE+i3E) 
=(«3V+i33V0(«.E+ftSJ(«iE+AEJ(«E+/3E0 

-3«3(«,E+/3,wXaiE+/3iE0(«E+/3EO 

- |33O,E+«,E0KE+i8,E,X«E+i3E ) 

- ft(ftE+i3 W0(/3,E+«,E0(«E+/3E0 

- ft(«2S+^.E0(aiE+AE0OE+«E0 
=(«3V+i33V0KE+i3,E0(aiE+i3WJ(aE+/3E0 

-(EEiEX«3/33X«./3.)(«xS+i3,E0(«E+/3EO 
-(«,E+i3,E,)(EEiEX«3i33X«.|3i)(«S+/3EJ 

-(«,E+i3,w)(«iE+/3iEJ(EEEX«3i33X«i3) 
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(VV,I«3/33) 



(VV.I«AX (VV,I«,^x) I«/3) 
(VViI«AI (VV,I«i/3,X (VV,I«i3) 




(VV,Vl«3/38l«AI (VV:I«,^,) Ia/3) 
(VV,Vla3ftI«,/3,X (VV,Ia,/3,I (VV,I«i3) 




(VViX«2ft) X«i/30 X«3/33X«/3) 
(VV.X«2ftX (VV.X«.^i) I«3/33X«/3) 
(VV.X^AX (VViX«.i3,X (VV.VX«3/33X«i3) 



Transposing the columns of the third of these determinants, the sign becomes changed, 
and the sum 

(VV:X<^3/33X (VV,X«A) I«i/3,) X«i3) 

(VV.X«3/33X (vv,X«AX (VV,X«.^i) I«/3) 

(VV,X«3/33X (VVJ.CCAX (VV.X«i/3,X (VVxX«/3) 

And as the above process is perfectly general in principle, we may conclude the general 
expression 

(vViX««/3„) X«»-i^«-i) • • Xai/3.) 

• • • • . « 

(VVlX^n(inX (VViI^n- A~ll . . (VViIc^l/3i) 

In order to alculate the effect of the operation Vi, and so that of the operation 
{ah . . ^S Hi)** ^pon a given function, let 



Then 



Now 









s*^i/(^)=/(^ +/?;). 
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d d 



where the operatiye factor must be understood to affect the suffixes of the m and the 
is in the coefficients, and not the indices of the variables. In the use of these formulae, 
however, it is to be observed that the order of the multiplications must be retained. 

d d 






Similarly, since 

(a+^)^ = a a a 

-\- b a a 

-{-aba 

'\- a ab 

+ ab b 

-^^ b ab 

+ bba 

+ bbb. 
Therefore 
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and so on for higher degrees. 

But it is also required to determine the effect of negative powers of Vi on a given 
function. For this purpose let 

and 

Vr^U=^, or U=Vi'^- 
Then equating coefficients, 

(^—1)^0 + 3^3 =A2, 

* .. . • .. 

^^w-3 + (^ 1)%~1=A^_29 



(^n~l — -^nl 



whence, by actual elimination, 

1. n—1 



_i/^A » — 3 . (w— 3)(w— 1) ■ \ 
— 5V^*~" 3 ^2+ 3.1 ^V' 

_Va !!:i5a , (n-5)(n-3) (n-5)(n-3)(n-l ) X 

— 7\f^^~ 5 ^<"'" 5.3 -^2 5.3.1 ^»y' 

1 /. n—2m + l, {n— -2171 + 1) {n— -2171+3) . 

<^2m4-i= 2m+ 1 \^^2m— 2m-l "^2m-2i (2m-- 1) (2m- 3) ^ 

, . (n--2m-f l)(n-2m4-3)..(yi-l) . \ 
v""^ (2m-l)(2m-.3)..i "^V ^ 



2m— 4 ' • 
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and for the even indices, 



4=4(A3— (m— 2)a2) 



■4 



( 



A. 



2 



-^11 2 1 ^oJ? 



=g(A5 






4.2.1 



a 



n 



But it is better to make use of the operative symbol for the solution of the equations 
thus : 



whence 



- — 1 T 



-1 

^ + 2)0 ^di-^^J 



>%ai — A|«i ; 



a, 



~.2i 1 
(^— e+2)s ^* 



1 1 ~^ 



<^ 1 1 



- -1 



A. 



1 



A ^Zlilt^A (yi— e'+2)(yi — e + 4) . 



i-2 



^i^2)(i-4) 



i~6 



the last term being 



^:^ {n-i + 2){n-i + ^),.{n-\ ) ^1 „ • ■ ^ . , 



and 



(- 



(e_3)(i_4) 



The two cases, however, of n even and n odd require special notice. If n be odd, the 
last equation of the series for determining the m may be thus written : 



^^^^ J — U — A„' 



n—l 



^-2+ ^^^ 



l)(/i-3) -^^- 






1 .3 . . Ti 



^. 



(^i_l)(^-3).,2"'o' 



which determines ^n. 



But in the case of n being even. 



1 1.3. n 

^(^^+i=0=A^~ — |A^_2+ ^^^^ . . (— )2 A^^ 

a relation between the As alone. The explanation of this apparent anomaly is to be 
sought in the complementary arbitrary function arising out of the operation Vr'O- 
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In the case of \/ltt^ 



d 



a^= I (^— ^+2)s ^» +^* 



^i-i 



If _ A 1 



1 r . -2-ii 

-< l+(^— •^+2)g ^'-r 



z 






~2±1 

l+(^— ^+2)g di^ 



XX, 



t-1 









Ai~3+ (z-2)(z- 



4) 



A. 



i~~5 



■■} 



-r< 



1- 



M 



(w — i-\-2)s *'- 



+ 



-2-2.1 






A,' 



t~i 



w— 'i + 2 

~T=2" 



A,„3+-. 



But 






*7 



rf |-\ 3 



(^^ — -^'-^2)5 ^^'-r 



z-2 
(yi— z + 2)(n— i + 4) -4£ 

_4I (n^z + 2)(n--z + 4) -4f, 

(w— •z-|-2)(w— z4-4)(w— z + 6) -el 



Therefore 



(z-2)(z-4)(z-6) 



If ^-i+2. (n-z + 2)(n-z4-4) ^ 
iai=j< A,._i •— - •_Q A,_3i /• «N/-- — T^^ A,- 



i-2 



(z-2)(z«4) 



i— 5 



■•} 



z-2 



f n-i4-2 (n-z4-2)(n-~z + 4) 1 

i^2 -^^-3— (^•_2)(z«-4) Ai-5+--J 



+J 



i— 4 



(7^— z + 2)(^— z + 4) . 



H-5 



jAj. 



/I 1 N n-» + 2 



i-4y («-2)(«-4) 



A 



j-5 



the last term being 



'-' /I 1 
i-)-^ (1+1=2 + 



and 



X-^J-l\ (''~'"+^^^''~''+'^^--^''~-^^ A when? is odd 



/ xi- A , 1 . , 1 ,l\{n-i + 2)(n-i + 4>)..n , 
(-)^ {1+1=2+- ■ +1+2) ^i-2)li-4)..2 ^«^hen^l 



IS even. 



B 2 
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For V?«^5 



^a^: 



J^^ ._ _ — g di »!. — — c%\ /' — 7\ S 



«-2 



=i(U. 



2 t 



i-l 



(«-2)(i-4) 



1 1 \ n—i+2 . 

i + i-z) i-2 ^'•-3+-- 



••|i|i^'-'~(i"+«-3/ i 



n—i + 2 



-^t~-3 "T' • • 



} 



n-g + 2 1 
■ i-2 ^{i-2y 






r 1 



(?2— i + 2)(w— i + 4) 1 



(i--2)(i-4) i-4 



f 1 . / 1 1 y-^i + 6 ] 



and writing for convenience ( - -> t-~^ 



_./\ -|-ljj j^+.. 5 i. ^. the multinomial 
expansion with the numerical coefficients suppressed. 



w— 24-2/1 1 



-2 



i-2 \iU-2 



.JLJmm/^ 



i— 3 



(n—i + 2){n-i+4>) /l _1 l_-^2 

+■ (i-2)(«-4) (i'«-3'i-4 



A 



«-~5 



the last term being 



i(^-.i+2)(w--i+4)..(w 



(i-2)(i-~4)..l 



and 

.±(w— 2 + 2)(w— ^ + 4)..?^ 
v""^^ (i~2)(i-4)..2 



( J' \Z2^ "3' ''^ ) ^0 when i is odd, 

(11 1 '^^ 
j5 T~-^5 , . -^5 1 \ ^^ when i is even. 



And from the way in which the coefficients are formed, it is easy to see that in the case 
of \/fu. 



1 



m—l 



* 1 1 



^ .M^ft 



i—l 



n^i + 2/l 1 y 



i— 2 V i i—2 



t-~3 



■ W iii'4— * 



(n-i + 2){n-^i + 4;)/l 1 1 



^m 



(i-2){i-4) 



!> ' K^ 



i • i— 2 i— 4 



A.. 



tv^-a 



with conditions for i even and i odd, similar to those given in the cases of Vf/Vf, 
And since it has been shown above that 



F(V>=2{F((^-^^>l)s-^+(^+l)s^■)}a,^'*--^•2/ 
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it follows that, if 

(F(Vx)}~'U=^*, 

the coefficients of u will be given by the equation 

a,= {F((7^-^+l)^^ + (^+l)2^)}■"X 
Still more generally, 

So that the effect of the operation 

{ah.. IE HO*", 
or, as it may also be written, 

will be exhibited by replacing V, Vi by ^, and (^—^ 4-1)2 ^*+(^+l)s'^' respectively in 
either of the values given for {ah . . ^S Hi)"" in pages 16 or 19. 
In order, therefore, to solve the differential equation 

we must first reduce it to the form 

r(VVi>=0; 
then solving the symbolical equation 

K-T(VVi)=0 

(where K is the coefficient of the highest power of Vi) with respect to Vi -> and calling 
the roots /i (V), /2( V), ../^(V), or simply /, Z^, ../„, we have 





^= 



where 



1 / ^1 _L ^2 I C^ \r. 



nm—l /I 

^1 — 7~? /.N / /. 7=^; r3 2=~T9 ^2 — T^ TTTT — 



?m— 1 ^wi— 1 



In order to evaluate the expression for u^ letj^j, ^^2 5 ..i>m be values of V which make 
/i5 /2 5 --/m vanish. They may in fact be called roots of /15/2? -fml but as these func- 
tions are generally irrational, they cannot be replaced by the products of factors of the 
form V— i^- In general there will be only one quantity^ for each function /*; because 
if/ be rationalized, it will give rise to a function of the degree m ; but although the 
equation so formed will in general have m roots, (m— 1) of them will in fact be extra- 
neous to the particular equation rationalized, and belong one apiece to each of the 
remaining equations of the system. 
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Let, then, u^^^u^^^ ..u^ be arbitrary homogeneous functions of x, 3/, of the degrees pi, 

fit 

i>„..j»„ respectively; then, since 

/(VK=/(_p)Wp=0, because /(|))=0, 





we may make 



and consequently 



/(V)""^^' 



or replacing C,- by its value, 






^ 1 Vi /* 

fi 






tC: 



Ji 



■u. 



^ {f-fiM-hVy-v^'' 



K 



UP^) 



m 



(Mp,) -/, (Pd) {fiip.) -Mp^) "7. -/*(i'i) 






This expression, however, leads only to illusory results, for /Xi^J == ; and consequently 
on developing ^ ^f(gf\^ even in descending powers of fXpi), the first m terms vanish^ 

and all the terms after the (m+l)th become infinite; the (m+l)th alone being finite^ 
The following method is, however, free from this difficulty. Select any second suffix/ ; 
then 



fj: 



1 p. 

X ^ KJ^ ^ 



7-V: 



X ^ 



m—l 






■fun— I 



if-fi) •• if-fj) •• (/- Vi) .. (/-/J ' (4-/1) .. (^.- Vi) .. if^-m- if-fj 



K 



fm~~l 



/•w-l 







L{X--/i) •• (/i-Vi)..(/~/j (/.-/i) .. (/-Vi) .. {f,-L) f-f^ 



And if a,;y5 /3^^-, . . be the roots of 

when solved with respect to V? we shall have 







Ji Ji -^ ^J ■' ^^3 



and 



% ^3 



If. 



K 









I^lj ^oi-lj 



+ similar terms in B,., /3^.; ... 



>, 
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And if we assume 



• • ' • t , • • 



the values of the coefficients, as affected by the operative factor, may be calculated by 
formulse given above, 

§2. 
Let s, s„ . . be any linear functions of the variables w, y, such as 

and let 

It is proposed in the first place to investigate expressions for symbols of the form 

in terms of the ub and m. 
First, as is easily seen, 

i^ d / d 






d^ id d d d d ^ d 

^^' dx dy-^^lw' ^^dy~^^^d^-^^d^'^'dx'^^^'l^' 

therefore 

^ d'^ d_/ d^ \ d / d \ 

'^^^'dxdy^^d^\^'l^'^^')'^%\^'di'^^') 

Hence the quadratic system, 

d^ 

d^ 
d^ 

or 

d^ d^ d^ 

Again, developing the following expression by Euleb's theorem, and remembering 
that, since the 5s are linear, their second and higher differential coefficients vanish, vre 
have 



28 ME. W. SP0TTI8W00DE ON AN EXTENDED FOEM OF 

CI tt tt . ^ tt 

or 

^3 ^2 . ^ 






d { d \ / d ^ 

= 'd^\'^d^-^''OV'^'^^''' 

Again, taking the first two equations of the quadratic system above written, and ope- 
rating on ^gj"? ^a j~ respectively, we have 

^dxdy' ^dx ^ ^doiy^dtj^ ^ ^dxdy~^ ^^^dx'^ 

d^ d'^ / d \ d^ 

^^^'^^d^y=^^'d^\^^d^~^(^y +^^^^d^ (52-20^2) 



.L JL t/Jll.v^ t/ 



Hence the cubic system, 

^^1^2^ = K^l — C^l)(%— 2^2), 
^3 

+e^(vi— /3i)(«^2--2ot2) 
+'?;(%— GJi)(%— 20^2), 

J3 

d^ 

in which the ^s, ^^s, vs^ as, /3s may be furnished with double suffixes, as was done in 
the quadratic system ; and then the sum of the four equations would give the value of 

^3 J3 

For the general case, let 



d^ 

dx'-P-^dyP"^ 



^p^lSSi . . Si^i 7_,._^_T .7 ,„4.i -t>9 
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where 

so that A and B are two consecutive terms in the system of the degree i. Then opera- 

d d , 

ting upon s^ j- with A, and upon s^j- with B, in the same way as was done in the case 

of the third degree, we have 

d d^^^ 

*% ^ ' 'dx'-PdyP-^^ 



' dx^~^-^ dy^-^^ 



+ Np+, s Si . . Si_i (i— _p — 1) «« 



dx'-P-^dyP+'' 



But 

and 



+N,„s....v.(i'+l)f3.^^. 



(i, + l)N,,.=:(*-J,)N 



P 



i+iNp+1^^1 ••^o^i-«^,«+i 



in other words, N^+Np+i is equal to the (|)+l)th coefficient in the case of the degree 

d d 

(^4-l). Hence, adding the above written expressions for A^,.^, Bs,- j-, and calling the 

value of N^+N^4.i .^iN^+i, we have 

d'+' 

dd-^dyv- 

But if it is true (and it has been proved in the cases of 2, 3, . . ) that 

i, e, if A and B are respectively equal to the sums of all the products of the above forms 
that can be formed by interchanging the us and ^s, so that the total number of the us 
and of the vs remains constant in each product (viz. (^■— p + l) ^*-f actors and (i^— -1) 
t;-factors in A, and {i'—p) ^*-factors and p ^-factors in B) ; then will A('y^— i/3i)+B(^^,— mj 
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be equal to the sum of all the products of the above form which can be formed with 
(e— J?) «e-factors and (j?+l) t^-factors. 

In order to calculate the effect of the operation Sw(t^j— mj .. npon a given function, let 

in which m+(3$'^^^ must be considered as an operative factor affecting the quantities 
within the brackets { } alone. 
Similarly^ 

therefore 

And if, as has been proved in the cases 1, 2^ •• , 

then 

and generally^ 



iigam, 

r ^ T 

=:2{(C6S^*+^)^*^*}^'*~V 

===2|(05g'^*+^)(«lS'^*+AM^~lMj^**"~*/- 
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And in the same way as in the case of the us, it may be shown that 

Again, for the intermediate terms of the system, 

t^(i;i— ^l)V===2|(e)6+/3g^*)(^---^)[(^4■lHa,.4.l +(^— l)^icej fw^'^'f 



Hence 



n—t^,t 



Again, 






Hence 



Again, for the general term, let 



Also let 

5. _— — — 

f2 
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Then changing oCm~p^^' 'i' ^m~p^ inB, intoo6^_^+j3^„pg^% and compensating the change by 
writing (^+l) for i in the numerical factors to the right, we have 

B=K ^N^(^— ^— 1) .. (^— ^— m+j9)(^+l) •• (^— j9+2)g'^S 

the factor s^' having been added in order to indicate that ^ must be changed into (^+l) 
in the expression upon which B will presently be made to operate. Then making 

H=(^— ^— 1) . . (^— ^— m+p)^ . . (^— ^+2), 

+KH Jip (^4.1)|(^— ^— m— l>^6jj,.+i +(^— ^*)i3^^i}]^'*~V 



Now 



wi-^joJPm ^2 f 



and 



Hence 

= 2 






m 



+,N^KH{(»-^-m+J)-l)(^+l)a^a,^^+(»^_^)(^_2)+l)/3„«,} 



^w~t^t 



.>" 



^n~iyi 



m 



"<. 






^^ 



^"~*^*, 



which proves the formula generally. 

This expression may, however, be transformed into a more convenient shape, as fol- 
lows. Let 

^1 ^2 . * ^m = (a aj . . a^X^^^)*^, 



then 



■5 



(oc,+(B,s '^•)(«2+P2« '")-'(<^m+(imS *)=(aa, ..a„Xls~*f. 
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And if 

d_ 

T=(aai..a^X2^'l)'^5 
then, since 



o o 



— w 






di 






we have 
Hence 

I I ■ lin . I J . _________ " i i |" 'i' I I""" I J 



d d. 



af~'y' 



ot'Y 



=2|[T„P,+fT,P,sS+ .. +T«P,e'"3^]a,_ 

I • • o 

and writing 

the above expression 

-f-(Miao„j_ 1X^41 -|-jyiiai^^-Lijg * 

+(MoM2ao,^_2Pi+2 +M?a,,^_,P,+, +M,Moa2,™P,XS 

"-(-(Ml a^_i^ 1:^^,^+ M-i a^^ 1 i: i^^_ijg 

i- 
+ Moa^,oPi+ms"'^^>,.^^}^^-y; 
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in which all terms will vanish for which 

i-^nKO^ and e+m>B. 
In order to determine the effect of the operation 



[(u.ti..-xi|)] 



on a given function, we may proceed, as before, by making 



or 

(d d \^ 
^« ^^ • • ^^ d^J (^' ^1 • • I^^)" ^ 

and then the coefficients aoa^.. will be given by the system, of which the following is a 
type : 

il^. = I lV±o a^ yn^i 

£ 
+(Mi ao, ^_i P,+x + Ml a^^ P,) g^V 

I • • • J^i— m? 

as above. In order to solve these equations for aa^,, ^ we may regard the expression 

£ 
within the brackets [ ] as a function of b^' ; and resolving it into its factors, we may pro- 
ceed by way of operations instead of direct elimination. Let j?i, j^g? -P^m b© the roots; 
then 



£ ^ ^ 



t—m 



and 



But 



a,^„,^ (s^i -P,)-\b^^ -P,)-' . . (g^^-i?2 J-' ^— %: 



m, ^ «+w 



£ £ 

r ^ \ 1 A,- 1 /1 . e^^ . e^^^ . \ Ai 

^ ^'^ P,+^ P\ ^ P, P\ ^ J^i+m 






(s*_^J-.(g*_p^)-. A^ 



i+«i 



/ \2 -^ I / A^ I 1 Aj-^.; 1 Ayt \ 

"""^ ^ PlP2[ Kf^^Pi Pz+m+l"^ ' • i?r' P«+»n+l/ 
I 1 / ^i+1 ■ 1 A^.}.2 ^ 1 A 



I • • t • • 9 « 



/ \2 -^ / At I / 1 1 \ Ai4.i / 1 1^' 

"~ ^ >' PiP2[Pi+nr \p' pj Pi+m+1 "^ * \i^i' JP2. 



n—i A 



n 



p 



4-wi+l 



> : 
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and consequently 



a 



i—m 



/ \2m 



''m.<>PlP2--P2 



m 



f Ai /I 1 1 \_Ai+j_, /I 1 1 \ 

[Pi+m \Pi Pi /'a^/Pi+m+l^ ■■ V;', Ps PU 



n~-% 



^n 



w+m+1 



d 



d 



a 



The expression (s^*— j?i)~'(g^^— j^a)"^ . . (s^*— ^2^)""^ niay be resolved into its partial frac- 
tions in the usual way by writing 



^1 



A^2m— 1 



iPl-P2)iPl-Pz) ■•{Pl-P^m) 



, Q 



F2 



—-5 



(P2-Pl)iP2-P3)-iP2-P2J 



and then it takes the form 



^1 _L ^2 

^+^ 



c 



2m 



j1 _ 

^di ^p^ ^di ^p 



I • ' d — 

I ^ * P2m 



J+J+ •• +{%+%-^ '-r-^ ■■ 



giving 



a. 



t~-m 



a 



m, 



\Jl ] 02 



C . N A,+, 



i\Pi Pi /^«+» Vp? pI / 



i+OT+l 






J', 



^1 I ^2 I 



K 



M. 



«+»» + ! 



§ 3. The case of s^ being any function ofx, y. 

Although it seems doubtful, on account of their complexity, whether the following 
formulae are likely to be of much practical use, it is still worth while to complete the 
theory by considering the most general case where ^,., instead of being linear, is any 
function whatever of ^, y. 

Since 



therefore 



Again, 



hi 


d" 

'dx'^' 

m 


d 

-^'dx 

d 

-^ dx- 


d 
dx 

d 

^^dx~^ 


ds d 

^ dx dx 

dsi d 
dx dx^ 






2s,i 


d^ 

> , . 

dx"^' 


( d ds\ 
-[f^dx^dx)^ 


&+(« 


d 


ds 


dx 


dx 


iSjS 


d^ 
ddf^' 


d 
~ dss' 




ds^s^ 
"" dx 


dx"" 






- 


d 


d^ 


dss^ 
■~^^ dx 


d^ 
dx^ 






^^2 dx^- 






n 


d 




ds^s 


d^ 

dx^ 





) ^ dx 
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Hence 

d^ / d ^ds\r^ d'^ 



dx^ 

d^ 

dx^ 



'^y^^dx "^dx)^^'^ dx^ 

. ( d dsA ( d ds\ d ( d_ ^^A ( ^^ ds\ d^ 
^y^d^'^'^dcoJV^d^^lbJ^d^'^y'dx^'^dx) 



( d ^dsA/ d ds\ d ( d_ ^dsA / ^d_^dsj\ d 

+ y^d^'^'^d^)ydi^dx)^'dx'^y'dx~^dx)y'd^ dxj^dx 
^ A A ^ 9^ A A ^i\ — -^a.9^— N — — . 9^s ~ 

^ ^ d^^^dx^^ dx^^Tx^' dx^^ dx'^'dx ^ dx^^ dx"^"^ dx dx ^^ dx ^ dx^ ^^ dx 

d d d ds d d ds^ d^ A\9^^ ^ _ d^s^ d^ 

+ ^^^2^^i^"^S'^2^'^^^"~^ ^ dx^'dx'+'^dxdx^'dx '^ dx^^'di 

d d d ^ds^ d d ds^ d d ^ds^ds^ d^ ^% d^ 

^^^d^^^Tx ^ dx"^^!^ ^^Tx^ Tx^'d^ ^' Tx ^ ^+^^ Ice ^ dx" ^' dx^ ^ dx 

d d d ds^ d d ds d d ^ds^ds^ A^ — A 
'^^^Jx^Tx^^Tx^^Tx ^ Tx^^ d^'^'dbo^^Tx^^'Tx'^ ^1^ dx^^ dx ^'dx'^^ dx 



d d d ^dsci d d ds d d^ ^ds^ds d^ d^ d^ 

^dx^di^'dx^^d^ ^ d^^'dx^Ix^^dx^' dx'^'^dx d^^' dx '^^^ dx^^' dx 



d d d ^ds^ d d dsci d d ^dsc^ds^ d^ d\ d^ 

'^^^Jx^'d^^ d^'^^dx ^'d^ ^ d^'^d^^'dx ^ Tx'^^Jx'di ^ Tx "^^2^ ^ Tx 

d d ^ \_ ^ ^ ^ _\ ^ d d d d dd^dd^d_d^d^ 

'^Tx^'d^^^Tc'^^d^^''Tc^'li'^^'T^^Tc^T^'^ 

^ds / d d d d\ cyd^if _^ ^ _i _^ Al\ ^^( A A\ A ^ 

'^^Tc\^'d^^''Tc'^^^di^''Tc)'^^Jxy^l^^ 

"^ydx dx ^ dx'^ ^ dx"^ J 



dx 



+( 



.ds^ds d'^s d^s^X d 

CIX (XX OjX OjX J (XX 



^f Ads dsi d'^Si d^s\ d 

' \ dx dx ^ dx'^ ^ dx'^J ^ dx' 

Suppose that the above law holds good for m factors ; then 

where 2 indicates that the sum of all products formed by the interchanges of the suf- 
fixes 0, 1, . . m — 1, is to be taken. Then 
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1.2..(to+1)ss...s^^^, 
=;= s-j- 1.2.. ms, So . . s«, -. — — 1 . 2 ..ms — 



' i" • » • 

d ds\^ „ rf"* 



^/ d ds\ / d , -ixds.S d 



which proves it in the general case. 
Again, 



Hence 



Again, 



Hence 



d^ d d dsi d 

^ddody dso ^ dy dx dy 

d d dsi d 

dy ^ dx dy dx 

d d ds d 

^ dx dy"^ ^ dx dy 

d d ds d 

^ dy dx * dy dx 

^ d^ / d ds\ d_x^( ^ ^i\ A 

^dxdy \ dx dx) ^ dy \ ^dx dx J dy 

/ d ds\ ^ _t( ^ ^^\\ ^ 

— \fdy~'d^) ^' &+ \f^ d^'^d^rW 

d^ _ d_ d^ ^ il ^ J^ 
^^1^2 ^Vy— ^ dy^^^^dx^ "" dy^^^dx^ ~ dy ^^^dx^ 

_ ^ ^ r i. ^^ ds^ d^ 

— '^dy^'^^dx^^'^^'dy^^^dx^ "" dy^^'dx^ 

_ ^ i! *i i!. I A. f, 

— ''dy^'^^dx^ "" dy^^^dx^^^^dy^^'dx^' 

# / d ^ds\^ d^ 

S 



^^^'^^dx^dy—ydy'^'^dy)'^^' 



dx^ 



_.( d ^ ds\ ^ d'^ 



^tY^'^W 
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Again, 



' ^ dx^ dy dx ^ '^dxdy dx ^ dxdy dx dxdy 
ds d^ d d^ ds^ d^ 



whence 



dx ^ ^dxdy^^ ^ dx ^ dxdy dx ^dxdy 

ds d'^ dsi d^ d d'^ 

dx ^ ^ dx dy dx "^ dxdy"^ ^ dx ^ dx dy^ 



d^ / d ^ds\^ d^ 



^ d"^ / d cydsX^ d^ 



A o^^A o. . ^ 



'^X^dx'^'^dx)'^^^^ dx 



2 



dy 
^ \^dx dx J ^ dxdy ^ 

and consequently the expression 65^1 ^3 j-o" admits of three equivalents, as follows : 



65^1 5, 






2 



dx^ dy 



d iyds\/ d dsA ^ ^^( ^ c)^^\( ^ dh\ ^ 

dy dyj\ ^ dx dx I ^dx'^s^ dy dyj\ ^ dx dx J dx 

/ d c)d^i\ / d &A A._\f A 9^h\ ( A ^^\ ^ 

"^S^ ^ dy dy / \ ^ dx dx J dx~^ \ ^ dy dy j\^ dx dxj ^ dx 

/ d cyds^/ d ds\ d / d^ s)ds<^\/ d ds{\ d 



d ^ds\ / d dsi\ d / d c^ds\ / d rf^gX d 

d cid^i\ Z' d ds,2\ ^d ^ fd q^-^A / ^ d ds \ d 

^^ dx 



'^y^Ux^'^d^jy^'Jhj^dyjUx'^y^ 

/ d oydsAi d^ ds\ d^j.1 d^ 9^\ / A ^^A ^ 
^\Ux^^dx)yl^'^ dyf^Tx'^X^ 

d iyds\f d ds\ ^ \_( ^ €)ds\ / d ds^\ d 
dx dxj\ ^ dx dx ) ^dy'^y dx dx)\ ^dx dx) ^dy 



/ d iydsA / d ds^\ d / d^ ^dsj 
+ y'd^^'^d^) y^di^d^J ^^+ y'dx'^'^dx 



dsi\ [ d ds\ d 
dx'^dxj ^dy 

d cxdSc^X ( d ds\ d ( d cfi^^K ( d dsj\ d 




^^ \ ^dx dx I \ dx dx) ^% \ ^dx dx J \ ^ dx dx ) dy 

# . d^ 

In short, in order to change the expression for ^ss^s^-^ into that for QsSj^s^j-rj-^y we 
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have only to write -j- for j- in one of the factors of each term ; the same factor being 

changed throughout. 

Writing oc for y^ and y for ^, we have the corresponding expression for ^ss^s^j-^i' 

And a train of reasoning similar to that used in calculating 1 .2 . . (m+l)^^! - ^m~f^;^~ 
will give 



1.2 .. (m+l)^^i **^t 



d r . ~,^ds\ / d r . ^x&m-.«\/ d , xdSm^pji.i\ d 



2(^s^_(m+l)|) .. («»-.i-(w-i'+l)-^)(«».-P+.^-(w^-i')-^ 



• • d« 



'ij J • • "»« df 

they factors being detected at pleasure, provided that they eaep in number, and the 
same factors throughout. 



Postscript, 



Received March 8, 1860. 



In continuing my researches on the extended form of the Index Symbol, I have esta- 
blished a variety of formulae relative to the case of many variables analogous to those in 
the case of two. As the expressions occurring in the investigations are frequently of 
great length, I propose here to give only the principal results, without entering into the 

details of proof. 

Let i,, 4, . . be any permutation of the series 1, 2, . , ; and let it be symbolically repre- 
sented thus : 

Then any permutation Py performed on P, may be similarly represented byj,- ,^',^, .. , or 
more simply, ji, , >;, . . Then ji, , j%, . . will represent a new permutation of the original 
series 1,2,..; and the notation above adopted may be extended thus : 

jiijh, .. =Pyi(l, 2,..) 

or, dropping the subject of operation, 

and so on generally. 

G 2 
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Let there be any number of variables w^, Ws,.. , and let 

■ 0/ - Of . 



d d 

and D|5 D^, . . corresponding expressions when the ^' ^5 • • operate only on some extra- 
neous subject of differentiation, and not on ^j, ^3? •• so far as they appear explicitly in 
the values of D^, Dy, . . 
Then it will be found that 

and so on for any number of Ds and Vs. There are special cases in which these ex- 
pressions take a more symmetrical form. Thus, if the second condition of the system 

FO\k)=V(kJ% ^kJ)=F(i,k% P(e,i)=P(i,e) 

be satisfied, the group Vi^;-, Vh^ Vji may be replaced by the group S/^j, Vnc^ ^jo in which 
the suffixes are cyclically arranged. If the first and last are satisfied, the group may be 
replaced by Viit, Vm^ Vij- If? besides, the first condition of the system 

F{i(j,k)}=v{(j,k)i} 

T{k(i,J)}=-P{(i,J)k} 
be satisfied, the expression for Dj^DjDi i^^y be written 

VkVjvi *"" Vi V&; — v/7ik — Vifc V/i H" ^ Vifcji? 
or 

V;^V,Vi- V.V;.- V,Vh- 7kVij+ ^Vkji , 

according as the second, or the first and last conditions of the first system are satisfied. 
And similarly, if the two last conditions of the second system are satisfied, the expression 
may be written 

V.V.Vi- V.iV.— V..V, - V,.V.+ 27jik 

Vjfc VjVi — V/jfc Vi — Vki^j — VijVk + 2 V;ijfc . 

If the accents in the symbols Vi? Vi? . . are understood to imply that the suffixes %j^ . . 
and not the Vs are to be combined, e, g, 

(a, b, c, c?XV/Vi)' 
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then 



(a, b, c, dJBj, I>iY 

=(.Ac,^lv,,v.)^-2(«Me?iv,.v..iv;,v;r-(«,^,.,^lv;.,^ 



which may be symbolically represented thus : 

(a, b, c, dXDj, V0'=(«, h c, dX (Vy Vi) 



And generaUy, 

(a, b,..X-' ^, ViT=(a, b,..X 



(Vi V.) 
(7j VO' 



* 

2 



) 



(Vj Vi) 



(•.V,'Vi) 1 


^ t * 


* 


(..v;v^)^ (..v,-vo 


2 


^ 


(-.VjViT {..VfV-f 


(..V,-Vi) .. 


* 



Moreover^ if 



( . . v;- ViT ( .. Vi Vi)''""' ( . . v;- vif ^' . « ( . . v,- vo 



te=2(r'2^\.>f'^?-- 



Then, understanding that the order of mnltiplication must be preserved, as in the case 
of two variables, 

d d d _d^ 

Again, if 

#j2=: fit|2^i +Pi A • 



4(r'2"»..K'^?- 



,9/ I II ' » ■ jv /J^ 1,1 1 II /•* /V* i 



t^21 fi^21^l 'T* P21*^2 + • • ^22 ^22*^1 I P%%^% • • 



« e « 



» • '• 



Vi — ^iw™ "T^ia^™ T •■ 



d 



d 



V2 '^2lJry, r'^22^<y, "l '• 



« • • 



• • • 



Then 



|(ai2052l + Pi2<''22T •• j^j"T('''l2P2i+Pi3P22"r • •}^2~r ■• | 



ttwci 
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Now the coefficients of the ^s are all comprised in the product 






mil Pn • • 
^12 P12 • • 



and the terms correspond line for line and column for column. If, therefore. 



'Ji'l Cj • • 



"j" • ♦ • 



we may write 






^11 Pn *• A^''i5 ^"25 ••A XT' XT' *• 



a 



12 



/3 



12 



and by a tolerably obvious extension of the symbolical notation used in other parts of 
this paper, we may write this expression thus: 



And generally 



V2V1-V.V;. 



■^n^n—l •• -L'a V 1 



vn y n—1 
Vn Vn—l 

V» Vn—l 



v; 

v; 



d 



n 



Lastly, the formulae for ^^j .. __--^ in the case of two variables may be directly ex- 



tended to the corresponding case of ss^.. 



d"" 



G/W , ttOu'z • • 



with many variables. 



